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Abstract 


Two  methods  have  been  used  to  speed  up  the  execution  of  computation.  One  is  the 
technology  insertion  and  the  other  is  new7  architectural  concepts.  Regardless  of  the  type 
of  architecture  development  the  result  is  a  parallel  computer  systems  with  a  large 
number  of  processing  elements.  The  communication  requirements  between  the 
processing  elements  will  lead  to  the  need  for  a  large  interconnection  networks. 

In  this  research  a  property  of  interconnection  networks  called  partition  ability  is 
studied.  The  advantages  and  uses  of  partitionable  networks  were  described  in  number 
of  papers.  The  partitionability  informally  means  that  the  system  can  be  divided  into 
several  parts  each  of  which  has  certain  amount  of  behavioral  independence. 

Several  researchers  have  analyzed  both  topologically  regular  and  irregular 
interconnection  networks  with  respect  to  the  partitionability  property. 

In  this  work  the  concern  is  synthesis  techniques  of  partitionable  networks.  Two 
algorithms  are  developed  each  capable  of  synthesizing  a  class  of  partitionable 
interconnection  networks.  The  generated  classes  are  informally  described. 


I  Introduction 


i*®0*** 


Two  methods  have  been  used  to  speed  up  the  execution  of  computation.  One  is  the 
technology  insertion  and  the  other  is  new  architectural  concepts.  Regardless  of  the  type 
of  architecture  development  the  result  is  a  parallel  computer  systems  with  a  large 
number  of  processing  elements.  The  communication  requirements  between  the 
processing  elements  will  lead  to  the  need  for  a  large  interconnection  networks. 
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In  this  research  a  property  of  interconnection  networks  called  partitionability  is 
studied.  The  partitionability  informally  means  that  the  system  can  be  divided  into 
several  parts  each  of  which  has  certain  amount  of  behavioral  independence. 

The  partitionability  of  Banyan  networks  was  shown  in  [Gok76,  GoL73].  The 
partitionability  of  the  Cube  network  was  analyzed  in  [SiM81b]  and  ADM  in  |SiM81a]. 
Partitionability  of  topologically  arbitrary  single  stage  networks  was  studied  in  [SeS85]. 
The  quotient  property  (which  is  related  to  partitionability)  of  several  well  known 
networks  was  studied  in  [FiF82]. 

As  it  can  be  seen,  most  work  has  been  done  in  analysis  and  little  has  been  done  in 
the  synthesis  area.  In  this  paper  the  synthesis  of  multistage  partitionable 
interconnection  networks  is  studied.  Two  algorithms  are  developed  each  of  which  is 
capable  of  generating  a  class  of  partitionable  networks. 

Partitionable  networks  have  the  following  uses  and  advantages.  They  can  be  used 
to  allocate  a  proportional  number  of  processors  to  the  computational  and 
communication  needs  of  a  task  in  a  multitasking  system.  This  method  of  allocation  is 
used  in  systems  such  as  PASM  currently  developed  at  Purdue  University  [SiS8l].  The 
partitioning  property  provides  a  natural  protection  amongst  users  in  a  multiuser 
environment.  That  is  accomplished  by  giving  each  user  a  segment  of  the  system  which 
will  provide  a  hardware  protection  amongst  users.  The  implementation  of  the  routing 
of  the  data  path  and  control  is  efficient  on  VLSI  substrate  or  on  printed  circuit  board 
(PCB).  In  the  case  of  fault  in  a  part  of  the  network,  a  method  of  graceful  degradation  is 
possible  by  an  easy  migration  of  the  program  to  the  correctly  operating  sections.  The 
partitionable  network  forms  the  basis  of  a  certain  class  of  fault  tolerant  networks.  The 
network  Extra  Stage  Cube  (AdS82]  has  a  type  of  fault  tolerance  that  can  be  traced  to 
the  necessary  condition  of  partitionability  of  the  core  of  the  network.  The  Extra  Stage 
Cube  is  single  switch,  single  link  fault  tolerant  however  the  idea  can  be  generalized  into 
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multiple  faults  using  a  properly  partitionable  network  core.  In  the  Star  system  the 
baseline  partitionable  network  is  used  because  of  its  ability  to  establish  partitions 
corresponding  to  the  computational  structures  of  the  algorithm  [AgY85,  WuF82].  The 
partitionable  property  of  networks  is  an  essential  element  in  the  modular  expansion  of 
dynamic  systems  [V1K8O]. 


II  Overview 


In  Section  III  the  basic  notation  and  definitions  are  presented.  In  Section  IV  the 
necessary  background  on  single  stage  network  is  presented  and  partitionability 
properties  of  single  stage  networks  are  described.  In  Section  V  the  multistage  networks 
are  discussed.  A  graph/algebraic  model  is  developed  and  two  classes  of  partitionable 
networks  are  defined.  A  methodology  to  synthesize  each  class  is  presented  and  proven 
correct.  In  Section  VI  the  global  conclusion  is  presented. 


Ill  Basic  Concepts 


In  this  section,  basic  definitions  and  notation  needed  as  the  background  for  the  rest 
of  the  paper  are  introduced.  Some  of  the  definitions  can  be  found  in  books  on  basic 
abstract  algebra  [Han68,  Her75]  and  graph  theory  [BoM76,  Har69),  however  are 
included  here  for  completeness.  This  material  was  developed  in  [SeS84]. 

Let  the  set  of  input  labels  of  a  graph/algebraic  structure  be  denoted  by  Vj  and  the 
set  of  output  labels  of  the  structure  be  denoted  by  Vq  .  All  graph/algebraic  structures 
defined  in  this  paper  over  V|  x  VQ  will  assume  that  Vj  ("1  VQ  =  0,  Vj  7^  O.  V0  ^  G. 
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where  0  is  the  empty  set  and  VjxVq  =  {<va,vb>  va  G  Vj,  vb  G  VQ}. 


The  following  notation  will  be  used  throughout  this  paper.  The  symbols  are 


enclosed  in  a  pair  of  double  quotation  marks. 

"  delimiters  for  set.  -  function  application  and  grouping  of  operations. 

-  delimiters  for  n-tuple.  -  used  as  defined  in  context. 


Definition  8.1: 


Let  A  be  a  set,  then  P[A]  A  {b  |  B  C  a}  is  the  power  set  of  A. 


Definition  8.2: 


Let  Cm  G  P[Vj  x  V0],  then  Cm  is  an  I/O  correspondence  over  V)  x  V0. 


Definition  8.8: 


Let  Cm  G  P[Vj  x  V0]  such  that  <va,vb>,  <vc,vd>  G  Cm  =>  vb  vd,  then  the 
Cm  is  a  nondestructive  I/O  correspondence  over  Vj  x  VQ.  (Physically,  Cm 
represents  one  state  of  a  network). 


Definition  8.4: 


Let  C[Vj  x  V0]  A  {Cm  G  P[V|  x  V0]  |  Cm  is  nondestructive}.  Then  C[Yj  x  VG] 


is  called  the  C-set  over  Vj  x  Vq. 


Definition  8.5: 


Let  Cm  G  C[V,  x  V0],  then  s(Cm)  A  {va|  <va,vb>  G  Cm}  is  the  source  set  of 


Definition  8.6: 


Let  Cm  G  C(Vj  x  V0],  then  d(Cm)  =  {vb|<va,vb>  G  Cm}  is  the  destination 


set  of  Cm. 
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Definition  5.7: 


Let  C  =  {Cm  |  m=l,2,...n}  C  C[Vj  x  Vq],  then  s(C)  =  LJ  s(Cm)  is  the  source 

m 

set  of  C  and  d(C)  A  U  d(Cm)  is  the  destination  set  of  C. 


Definition  8.8: 


Let  V  be  a  set  of  labels.  Let  E  C  V  x  V,  then  G  =  <V,E>  is  called  a  graph. 


IV  Single  Stage  Interconnection  Networks 


This  section  consists  of  three  subsections.  The  first  subsection  describes  the  model 
of  single  stage  network  used  later  to  construct  multistage  networks.  The  second 
subsection  defines  and  discusses  the  basic  composition  and  decomposition  of  networks. 
The  third  subsection  uses  the  decomposition  concepts  to  define  partitionability  of  single 
stage  networks  which  is  used  in  the  next  section  to  discuss  the  partitionability  of 
multistage  networks.  Partitionability  informally  means  that  the  network  can  be 
decomposed  into  two  parts  with  certain  degree  of  independence.  The  definitions  and 
theorems  discussed  in  this  section  were  developed  in  [SeS84,  SeS85]  and  are  presented 
here  (without  proofs)  for  completeness. 

In  this  subsection,  a  formal  graph/algebraic  model  of  an  interconnection  network  is 
presented.  Graph  models  for  analyzing  networks  have  been  used  by  other  researchers. 
For  example,  in  [Gok76,  GoL73,  LiM82,  Upp81]  they  are  used  to  analyze  regular  SW 
Banyan  networks,  and  in  [FiF82]  they  are  used  to  study  the  partitioning  of  regular 
networks.  The  model  presented  here  differs  from  [Gok76,  GoL73,  LiM82,  Upp8l]  and 
[FiF82]  by  being  completely  general  so  that  it  can  be  used  to  describe  an  arbitrary, 
topologically  regular  and  irregular,  interconnection  network.  The  model  is  similar  to 
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the  one  used  by  [MaM8l]  to  study  time  space  tradeoffs. 

Definition  4-1: 

Let  K  =  <C>  be  such  that: 

(1)  C  C  C[V,  X  Vo). 

(2)  V,  =  s(C). 

(3)  V0  =  d(C). 

If  |c|  ^  2  then  K  =  <C>  is  an  I/O  representation  of  a  reconfigurable 
network  over  Vj  x  Vq.  If  |  C  |  =1  then  K  =  <  C  >  is  an  I/O  representation  o f 
a  fixed  network  over  Vj  x  Vq. 

Physical  implications:  <va,vb>  G  Cm,  Cm  G  C  represents  the  network  moving  data 
from  input  va  to  output  vb  when  the  state  of  the  network  is  Cm.  C  represents  the  set  of 
all  possible  states  of  the  reconfigurable  network.  For  an  example  of  a  topologically 
arbitrary  interconnection  network  see  Figure  1.  The  example  has  the  following 
parameters: 

Vi  =  {ua,ub.uc},  V0  =  {v0,v,},  C0  =  {<ua,v0>  <ua,Vi>}. 

Cj  =  {<ua,v0>,  <ub,V!>},  C2  =  {<Ua,Vj>,  <uc,v0>}, 

C  =  {C0,C„C2}.  K  =  <{C0,C1,C2}>. 

Definition  4-8: 

Let  K[Vj  x  V0]  A  {K  |  K  =  <C>  is  a  network  over  Vj  x  V0}.  Then 
K[Vj  x  V0]  is  called  the  K-set  over  V}  x  Vq. 

Definition  4-8: 

Let  K1  G  K[V/ xVq],  K1  ==  <C!>,  and  K2  G  K[V,2XV§],  K2  =<C2>,  be  two 


networks  such  that: 


(1)  V,1  C  V,2,  vi  c  vs . 

(2)  vciec1  3  C2  G  C2  3:  Ci  =  C2. 

Then  Kl  is  subnetwork  of  type  c  of  K2 .  Notation:  K1  Cc  K2.  The  other  types 
are  not  used  here  and  therefore  they  are  not  presented. 

This  subsection  describes  an  “intra-stage”  composition  and  decomposition  of  single 
stage  networks.  The  discussion  here  is  presented  for  the  composition  of  two  networks 
into  one  and  the  decomposition  of  one  network  into  two.  However,  it  can  be 
generalized  into  the  composition  of  n  networks  into  one  and  decomposition  of  one 
network  into  n,  n  >  2.  What  is  meant  by  the  intra-stage  composition  of  two  networks 
K1  and  K2  is  that  V/  Pi  V2  =  0  and  Vq  Pi  V&  =  0.  Similarly,  the  intra-stage 
decomposition  of  K  into  two  networks  K1  and  K2  will  result  in  V/  P|  V2  =  0  and 
vi  Pi  V5  =  0.  Two  types  of  composition  (decomposition)  are  described.  One,  the  a- 
composition  (decomposition)  corresponds  to  the  physical  situation  where  the  controls  of 
the  individual  subnetworks  of  the  network  are  independent.  The  other  type  is  the  r- 
composition  (decomposition),  which  corresponds  to  the  physical  situation  where  the 
controls  of  the  individual  subnetworks  of  the  network  are  dependent  upon  one  another. 

Definition  4-4- 

Let  K1  £  K[V/  x  Vi],  K1  =  CC1^  and  K2  £  K[V,2  x  V§j,  K2  =  <C2>,  be 
two  networks  such  that:  (V/  LJ  Vi)  Pi  (V2  LJ  Vq)  =  0.  Define  a-map  as 
follows:  K'aK2=  <CJ>  <7  <C2>  4  <{c*  U  C2  |  £  C\  Cr2  £  C2}>. 

This  describes  the  composition  of  two  networks  where  the  controls  of  the  two  networks 
are  independent  from  one  another. 


Definition  4-5: 

Let  KG  KjVj  x  V0]  be  a  network.  Let  {kSK2,....^  |  K^^V,1  x  V^)}  be  a  set 
of  networks  such  that:  KCc  K^K2^  •  *  •  Kn. 

n  n 

Notice  that  this  implies  Vj  =  LJ  Vj  and  V0  =  U  Vq.  Then 

i=i  1=1 

(1)  K1  oK2  o  •  •  -  Kn  is  called  a  a -decomposition  of  K. 

(3)  K1  is  called  a  component  network  of  K  (K1  is  maybe  itself  decomposable). 

In  this  second  part  of  this  subsection,  the  r-composition  and  decomposition  of  two 
networks  will  be  discussed.  In  the  cr-composition,  the  two  networks  keep  independent 
controls,  that  is  if  C,^  is  selected  in  K1,  an  arbitrary  correspondence  can  be  selected 
in  K2.  In  the  r-composition,  the  two  networks  have  joint  control,  that  is  if  Ci  is 
selected  in  K1,  the  corresponding  C2  must  be  selected  in  K2. 

Definition  4.6 : 

Let  K^KfVj1  x  Vo),  K1=<C1>,  and  K2GK[V,2  x  V&],  K2=<C2>  be  two 
networks  such  that: 

(a)  (V,1  U  V&)  n  (V,2  U  VS)  =  O,  and  (b)  |  C1 1  =  |  C2  | . 

Define  ra-map  as  follows: 

(1)  Define  a:  C1— >C2,  map  1:1  and  onto. 

(2)  K!raK2=  <C1>tq<C2>  =  <{c;U  C2  |  a(C^)  =  C2',  C^C1. 

c2gc2}>. 

Definition  4- 7: 

Let  KGK[V,  x  V0]  be  a  network.  Let  {K\K2 . Kn  |  K'EKJV]  x  Vq]}  be  a  set 

of  networks  such  that:  K  =  K1rQK2rQ  •  •  •  Kn.  Then  (1)  K1  tq  K2  tq  •  •  •  Kn  is 
called  a  r-decomposition  of  K. 

(3)  K1  is  called  a  component  network  of  K.  (K1  maybe  itself  decomposable). 


Definition  4-8: 

Let  K  E  K[V]  x  Vo]>  K  =  <C>  be  a  network.  K  is  a  prime  network  iff  K 
cannot  be  decomposed  as  K  Cc  K1  a  K2. 

Definition  4-9: 

Let  K  E  K[V|  x  V0],  K  =  <C>  be  a  network.  If  there  exist  K1  E  K[V/  x  Vq], 
K1  =  <C!>,  and  K2  E  K[V2  x  Vq),  K2  =  <C2>,  two  prime  networks  such 
that:  (1)  V,1  IJV,2  =  Vj,  and  (2)  V&  UV&  =  VG,  then: 

(1)  If  K1  ra  K2  —  K,  then  K  is  a  r-partitionable  network. 

(2)  If  Iv1  a  K2  =  K,  then  K  is  a  strictly  o-partitionablc  network. 

(3)  If  Iv1  a  K2  Dc  K,  then  K  is  a  a-partitionable  network. 

Note  that  r-partitionable  implies  |C|  =  |c'|  =  I  C2|,  strictly  a-partitionable  implies 
[C  |  =  |  C1 1  x  |  C2 1 ,  and  a-partitionable  implies  |C  [  <  |  C1 1  x  |  C2 1 . 

In  this  subsection  some  basic  concepts  required  to  discuss  the  partitionability 
property  will  be  presented.  The  underlying  graph  of  a  network  is  defined  and  its 
relationship  to  partitionability  and  other  properties  are  discussed. 

Definition  4-10: 

Let  K  E  K[V,  x  V0],  K  =  <C>.  Let  G[Vj  x  V0]  A  {<va,vb>  E  Cm  | 
Cm  E  C}.  Then  G[V,  x  V0J  is  the  underlying  graph  of  K. 

Definition  4-U • 

Let  G[V|  >  V0j  be  the  underlying  graph  of  K  E  K[Vj  x  V0].  Then  the 
connected  subgraphs  of  G[V]  x  V0]  are  called  graph  components  of  G\\  j  > 

Notation:  Graph  components  are  denoted  by  Gj,  G2,...,Gn.  Denote  the  vertices 
associated  with  Gr  by  VIr  and  V0  r,  VI  rCVj,  V0  rCV0.  In  a  component  Gr  there  exists 
a  path  from  each  node  to  every  other  node  and  there  is  no  path  between  any  two  nodes 
from  different  components.  Clearly  G[V|  x  V0]  =  U  Gr,  UVl  r  =  \|.  and 
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Uv0r=v0. 

r 

Theorem  J^.12: 

Let  K  EK[Vj  x  V0],  K  =  <C>.  Let  G  be  the  underlying  graph  of  K.  K  is  a 
prime  network  iff  G  has  a  single  component. 

Definition  4-18: 

Let  G[V]  x  V0]  be  the  underlying  graph  of  K  E  K[Vj  x  VQ],  K  =  <C>.  Let 
Cm  E  C  and  let  Gr  be  a  component  of  G[V|  x  V0].  Define  the  projection  p  of 
Cm  onto  Gr  as  follows:  p(Cm,Gr)  A  {<va,vb>  E  Cm|  <va,vb>  E  Gr}. 

Theorem  4-14: 

Let  G[V[  x  VQ]  be  the  underlying  graph  of  K  E  K[V,  x  VG],  K  =  <C>.  Let 
Cm  E  C  and  let  {G],G2,...,Gn}  be  the  set  of  all  components  of  G[Vj  x  V0]. 
Then  Cm  =  p(Cm,G.)  UMC„,CS)  U  •  ■  •  p(Cm.C„). 

Definition  4-15: 

Let  G[Vj  x  VQ]  be  the  underlying  undirected  graph  of  K  E  K[Vj  x  V0],  K  = 
<C>.  Let  G,  be  a  component  of  G[Vj  x  V0].  Define  the  residue  set  modulo  G , 
as  follows:  r(G,)A  {p(Cb,G,)  |  VCbEC}. 

Definition  4-16 

Let  Gr  be  a  component  of  the  underlying  graph  G[V!  x  Vc]  of  K  E  Iv [\'j  x  V0], 
K  =  <C>.  Let  r(Gr)  be  the  residue  set  modulo  Gr,  Gr  over  Vj  r  '  V0.r  then 
<r(Gr)>  E  K[V,  r  x  V0  r]  is  called  a  component  network  of  K  denoted  by 
K(Gr). 

In  this  section  the  background  on  single  stage  networks  was  presented.  This  work 
was  developed  in  [SeS85]  and  is  presented  here  for  completeness  only  (without  proofs). 
Single  stage  network  was  defined  and  some  basic  properties  of  single  stage  partitionable 
networks  were  presented.  The  single  stage  network  together  with  some  other  concepts 


will  be  used  to  discuss  multistage  networks  in  the  next  section. 


V  Multistage  Interconnection  Networks 

In  this  section  of  multistage  partitionable  networks  will  be  studied.  First  a 
multistage  network  model  is  developed  and  then  the  multistage  partitionable  network  is 
defined.  Two  types  of  partitionable  networks  are  defined  and  two  methodologies  are 
developed  each  of  which  can  be  used  to  construct  its  class  of  partitionable  networks. 
The  material  is  presented  for  the  case  of  partitionability  of  number  of  block  networks 
of  power  of  two  however  it  can  easily  be  generalized  to  powers  of  any  integer. 

Definition  5.1: 

Let  C [Yj1  x  Vq]  and  C[Vf  >  Vq]  be  two  C-sets.  Define  a  map  7  as  follows: 

1 :  CiV,1  x  Vi]  x  C[Vf  x  Vj]  C[V,‘  x  Vj|, 

C,  ~I  Cb  4  {<u„V|>  |  <u„vJ>  G  C„  <uk,V|>  e  Cb,  j=k}. 

Definition  5.2: 

Let  Kr  G  K[V]r  x  Vq]  be  a  single  stage  network.  Let  u/_1,r  be  a  nondestructive 
correspondence.  u/~1,T  G  C[Vq-1  x  Vf],  s(u>r_1,r)  =  Vff1,  d(u/_1,r)  =  Vf. 

Define  o:  u/~lroKr  =  <  {u}T~'T  7  C[  |  C[GCr}>. 

Note  that  u/_1'r  oKr  G  K[V,r_1  x  Vf>]. 

Definition  5.3: 

Let  {Kr  |  r=0,l,...m  — l}  be  a  set  of  single  stage  networks,  Kr  G  K[Vf  x  Vq]. 
Let  {j~lT  |  r=l,2,...m  — l}  be  a  set  of  correspondences.  wT~1,T  G  C[Vff 1  x  Vf] . 
s(u/~1,r)  =  VT0~\  and  d(c/-,r)  =  Vf. 

Define  multistage  network  as  follows:  K°  o  cv01  c  K1  o  u.’1"  c  •  •  •  K™-1. 
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Model  similar  to  this  was  used  by  [Ben65]  to  study  rearrangeable  networks. 

Notation: 

K>'j  =  K‘ o  w'',+1  o  Ki+1  o  co,+1',+2  o  •  •  *  K>,  j  ^  i+l,  K*'j  =  K1,  j=i. 

C''j  =  C'  7  u;i,i+1  7  Cl+1  7  wi+1'i+2  7  •  •  •  CJ,  j  ^  i+l,  C'-J  =  C\  j=i. 

Assume  all  Kr  are  reconfigurable.  The  case  of  Kr  fixed  network  can  be  handled  by 
absorbing  it  into  the  u/-1,r  and  u;r,r+1  for  the  purpose  of  the  analysis.  For  an  example  of 
an  arbitrary  multistage  interconnection  network  see  Figure  2. 

Definition  5.4: 

Let  Ca  G  CJVj  x  V0].  If 

(1)  V  ua  G  V,  3!  vb  G  V0  D:  <ua,vb>  G  Ca,  (1:1),  and 

(2)  V  vc  G  VG  3  ud  G  V,  D:  <ud,vc>  G  Ca,  (onto), 

then  Ca  is  called  permutation  correspondence. 

Note  that  this  implies  |\’i|  =  |V0|  (finite  sets)  but  not  Vj  =  VG. 

Definition  5.5: 

Let  K  G  K[Vj  >.  V0],  K  =  <C>.  If  VCa  G  C,  Ca  is  a  permutation 
correspondence  then  K  is  called  permutation  network. 

In  the  rest  of  this  paper  the  discussion  will  restricted  to  permutation  networks  in 
particular  the  following  assumptions  are  used  hereafter. 

(1)  |  Vj°  |  =  N. 

(2)  Kr  ,r=0.1,...m  — 1  is  a  permutation  network. 

(3)  u>T  J’r,  r=l,2,...m— 1  is  a  permutation  correspondence. 

(4)  log2N  =  m. 

(5)  m^>2. 


Note  that  (2)  and  (3)  =>  |Vf|  =  \VrQ\  =  N,  r=0,l,... 
Definition  5.6: 


m— 1. 


Let  K  =  K0,m-1  be  a  multistage  network.  Fixing  Kr  in  C,  means  selecting 
correspondence  C£  E  Cr  and  holding  the  Kr  in  that  state. 

Note  that  Kr  fixed  in  C*  E  Cr  is  equivalent  to  the  fixed  network  Kr  =  <{Cj}>.  Note 
that  K  with  Kr  fixed  is  equivalent  to  K  —  K0,r_1  o  d/-1,1  o  <{C*}>  o  wr  r+1  o 
Rr+i.m— i.  «pjje  r^  j  ^  r  networks  are  called  free  networks  (stages). 

The  following  development  will  discuss  the  class  of  a-partitionable  networks.  It 
will  be  assumed  that  the  number  of  "parts”  is  a  power  of  two.  This  assumption  is  for 
the  ease  of  presentation  only  and  it  should  be  clear  that  all  results  here  are  valid  (with 
slight  modifications)  for  number  of  "parts”  of  power  of  any  integer  base. 

Definition  5.7: 

Let  K  be  a  multistage  network  K  =  K0,m-1.  K  is  simply  partitionable  if  fixing 
Km— 1  will  produce  two  (data  path  independent)  networks  Ko'm"2  and  K°rn“2 
such  that: 

(1)  s(Kq  m_2  a  Ki»'m-2)  =  s(K°’m-2). 

(2)  d(Ko’m_2  o  K®'111-2)  =  d(K0,ra_2). 

(3)  K£'m-2  a  K?-m"2  Dc  K0  ln_2. 

The  networks  Ko,m~2  and  Kj>,m_2  are  called  block  networks.  Note  that  for 
permutation  networks  (as  in  this  discussion)  (3)  implies  (1)  and  (2). 

Definition  5.8: 

Let  K  be  a  multistage  network  K  =  K0,m_1.  K  is  simply  partitionable 
isomorphic  if  fixing  Km_1  will  produce  two  block  networks  m-2  and  K°m_2 


such  that: 


-I 


(1)  K  is  simply  partitionable  with  block  networks  K$,m  2  and  Kj  ,m  2. 

(2)  Ko,m-2  «  K?’m~2. 


Theorem  5.9: 


Let  K  =  K0,ni  K£  LC[Vp  x  Vq  *]  be  a  multistage  network.  Let  K  be  simply 
partitionable  isomorphic  with  block  networks  Ko'm~2  G  K[Vj°0  x  Vqo2]  and 

KO,m-2  e  x  Vq J2j. 

Then  V^o  UV,0,  =  V,°  and  V^2  UVgf  =  V#"2. 


Proo  f: 


K0’m_1  permutation  network  and  K£m"2  a  K?m-2  3c  K0m-2 
=  Vp  and  Von2  UV#72  =  V#"2. 


v,°o  Uv°i 


Theorem  5 10: 


Let  K  =  K0m  *,  KG  K[Vp  x  Vq  be  a  multistage  network.  Let  K  be  simply 
partitionable  isomorphic  with  block  networks  K$m-2  E  K[Vj°0  x  Vqq2]  and 
Ko,m-2  e  K[Vfi  x  ym-2].  Let  Km-1  be  fixed  in  C“_1.  Let  V^”1  A 
{va  E  Vf1-1  |  vb  E  VqJ2,  <vb,va>  E  wm_2m_1}  and  V^J1  4  {va  E  Vg-1 

|  vbE  V,"]-1,  <vb,va>  E  CP"1},  j=0,l. 

Then  V,^"1  UV,mf 1  =  Vf"1  and  V^1  Uvpj1  =  V#'1. 


Proof: 


(1) :  Theorem  5.9  =>  V^o 2  H  V^J2  =  V#"2. 

(2) :  (1)  and  permutation  correspondence 

=  vp-1. 


v,V  UV,mf 1 


(3):  (2)  and  CP  1  permutation  correspondence  =*  Vqo'LJVo,!1  =^0  *• 


Cv 


The  following  is  an  algorithm  to  synthesize  simply  partitionable  networks.  Let 
K  =  K0m-1  =  K°  o  u;0,1  o  K1  o  u>1’2  •  •  •  Km-1,  be  a  multistage  network.  Let 

|v?|  =  N,  m  =  log2N.  The  construction  of  the  partitionable  network  will  be  given  in 
terms  of  constraints  on  Kr  and  the  wr,r'1"1  correspondences. 

Algorithm  5.11: 

Let  K  =  K0,m_1  be  a  multistage  network.  To  construct  a  simply  partitionable 
network  the  following  constraints  on  Kr  and  on  u/,r+1  correspondences  must  be 
satisfied. 

(1)  For  r=0,l,...m— 2,  Kr  must  have  components  Kq  and  K,  where  Ko  G 
K[V,r0  x  VS,0]  and  K,r  G  K[V,r,  x  VS,,]. 

(2)  k;  «k;. 

(3)  d(Ko_1)  o  o>r-1,r  (VS7o  x  V,r0)  =  s(Kq),  r=m— l,m— 2....1.  Where 

w(V0j  x  V,  j)  A  w  n  (V0iJ  X  Vjj)  and  Ao^  {vb  £  dP)  | 

<va-vb>  €  W,  va  G  a}. 

Proof: 

(1) :  Algorithm  constraint  (1)  =*■  Kr  has  two  components  and  K{, 

r=0,l,...m— 2. 

(2) :  (1)  and  Algorithm  constraint  (1)  =*  K°  o  u>0,1  o  K1  o  •  •  •  Km_2  Cc 

(K$  a  K?)  o  uP’1  o  (K^  o  K,1)  o  w1  2  o  •  •  •  (K^-2  <7  K{"-2). 

(3) :  (2)  and  Algorithm  constraint  (3)  and  property  of  o  distributing  over  a  => 

K°  o  ui0,1  o  K1  o  •••K”“2  Cc  (Ko  a  K°)  o  w0'1  o  (K^ffK,1)  ou'-’o 
■  •  •  (Kc»-2  cKf-’)  =  (Kg  o  a.0-'  (Vgi0  x  V,'„)  o  Ko  o 
«*'2  (Vg  j  x  V,20)  o  •  •  •  Ko”"2)  <r  (Kf  ow01  (Vg  ,  x  V,',)  o  K / 
xJ1'2  (Vg,  x  V,2,)  o  •  •  •  K|”-2). 


O 


(4) :  Theorem  5.10  shows  that  since  Km  1  is  a  permutation  network  any 

C“-1  E  Cm_1  can  be  used  in  fixing  Km_1. 

(5) :  (3)  and  (4)  =*  K0m_1  is  simply  partitionable. 

(6) :  Algorithm  constraint  (2)  =*  the  components  of  Kq  and  K[  are 

isomorphic  =»  Kq  K[. 

(7) :  (5)  and  (6)  K0,m_1  is  simply  partitionable  isomorphic  network. 

n 

A  note  on  the  notation  in  this  section.  Let  Kr  E  [Vf  x  V&]  be  a  network,  Vj  = 
{vo»vi’*"vt-i}  and  Vq  =  •|u0,u1,...ut_J}.  Let  Ka  E  [Vfa  x  VqJ,  be  a  component 
network  Vfa  —  {v,,Vj,...}  and  Vj)a  =  {ux,uy,...}.  Since  Kr  is  a  permutation  network 
therefore  the  component  Ka  is  as  well,  and  so  it  is  always  possible  to  relabel  the  vertices 
of  Vj  and  VQ  in  such  a  way  that  the  component  network  has  Vfa  =  {v„vrvk,...}  and 
vo,a  =  {upUj.Uk,...}.  By  proper  encoding  V,ra  =  {p0p,  •  •  •  p(m_1}_r  |  p,=0,l}  and 

vO  a  —  {ooli  '  ■  *  q(m-i)-r  I  <lj=0,l}.  Consequently  Ka  can  be  identified  as 
Kr 

PoPl  P(m-l)-r' 

Definition  5.12: 

Let  K°'m'1  E  K[V]°  x  Vq-1],  be  a  multistage  network.  If  simply 

partitionable  isomorphic  with  block  networks  P(n>_lMr+1p  and 

^PoPi 1  P(m-i>-(r+i)i’  r==m— l.m— 2,...l,  then  K  is  called  recursively  partitionable 

isomorphic  network. 

Theorem  5. IS: 

Let  K  =  K0m_1,  K  E  K[Vj°  x  V™-1]  be  a  multistage  network.  Let  Kj0r_1  E 
K(V|°j  x  VST/],  a  simply  partitionable  isomorphic  network  with  block 

networks  K°rJ  €  K(V,°,  0  x  V^20|  and  K°r2  6  K[V,°  ,  x  Vf,-1,]. 

r=m,m— 


Proof: 


Then  Vjjo  UV&.x  =  V&  and  V^o  UV^2!  =  Vgj2. 

K®()-2  o  K®'/-2  Dc  Kj0,1^-2  and  K  is  a  permutation  network 
=  V,°,  and  Vg-5,  Uvg"2,  =  \"o?. 


vf,„  Uv,°, ,, 


Theorem  5.14: 


Proo  f: 


Let  K  =  K0,m  *,  K6  K[Vj°  x  Vq  *]  be  a  multistage  network.  Let  KJ0  r  1  be 
simply  partitionable  isomorphic  with  block  networks  K°6r-2  E  KJVj®  0  x  vs:M 
and  Kjy-2  E  K(Vj®  j  X  V^-2j],  with  KT~'  fixed  in  CTX~\ 
j=0,l,...2^m-1^r_2^—  1,  r=m,m— Let  Vf~k  A  {va  E  Vf”1 

I  vb  €  V^-2k,  <vb,va>  E  wr"2r_1}  and  =  {va  E  V^1  |  vb  E  Vf-jJ, 

<vb^va>  €  Cr1},  k=0,l. 

Then  V$  UVfJ  =  VfJ1  and  V'o~'0  U^,1,  =  V^1. 

(1) :  Theorem  5.13  =>  V^20  UV^2  =  V^2. 

(2) :  (1)  and  wr_2,r_1  permutation  correspondence  =»  V{~o  UVfj*  =  ^f”1- 

(3) :  (2)  and  C*-1  permutation  correspondence  =>  LJVqTm  ==:  j1* 


The  notation  of  recursively  partitionable  networks  will  now  change  as  follows.  If 


K0,r 

^PoPl  P(ro-l)-r 


is  a  simply  partitionable  isomorphic  network  then  the  block  networks  are 


denoted  as  1  P(n>.lHr+1p  and  K°^i  1  P(m.)Wr+I)i»  r— m  1*m  2....0.  If  KpoPi  P(m.lVr* 
r=m— l,m— 2,...0  is  a  nonprime  network  with  two  component  networks  then  the 
component  networks  are  denoted  as  P(n_  (r+l(0  and  p  Mr+I)1. 
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Algorithm  5.15: 

Let  K  =  K0,m-1  be  a  multistage  network.  To  construct  a  recursively 
partitionable  network  K  =  K0,m_1  the  following  constraints  on  Kr  and  on  u;r  r+1 
correspondences  must  be  satisfied. 


(1) 

(2) 

(3) 


For  r=0,l,...m— 2,  K'oPi  p ^  must  have  components  P(nv.1Hr+l)0 

and  KPoP]  P(m_lHr+1)i- 
T\  r  ~T<T r 

PoPi  P(rrv-l)-(r+l)0  ~1VPoPl  P(nvl)-(r+i)l  * 

V  KPoPi  P(m-i)-r  31  two  component  networks  K'"'  P(nv_l)_(r+1)0  and 


^■PoPi  Pfro-iMr+l)1  (d(KP0P.  P(m-l)-(r+lp)  ^  d(^Popl  P(m-i>-(r+i)l )) 


O  Wr_lr  rVrT1 

VvO,poPl  p(ro-,)-, 

r=m— l,m— 2,...l. 


V,r 

l.PoPl  P(m- 1) — r 


.)  =  s(Kp 


PoPi  P(m-i>-r 


). 


Proo  f: 


A.  Show  Pm_!  holds.  Pm_,  :  K0-®"1  is  simply  partitionable  isomorphic  with 
blocks  K$,m-2  and  K?m~2. 

(1) :  Algorithm  constraint  (1)  =»  KpoPi  .  p(m_  has  two  components 

KPoP>  P(m-l)-(r+l)®  and  KPoPl  P(nv-iMr+l)l’  r=0,l ,...m— 2. 

(2) :  Do  the  following  process  for  r=0,l,...m-2  if  KpoPi  P(m_lHr+,p  and 

KPoP>  P,n^.K(r+.)i  satisfy  Algorithm  (3)  then  form  KpoPi  P((ft.l)_r  using  the 
a  operation.  Continue  this  process  repeatedly  until  get  components 
and  K[. 

(3) :  (2)  and  Algorithm  constraint  (1)  =>  K°  o  w^'oK'o  *  •  •  Km~2  Cc 

(Ko  a  K°)  ow01o  (Ko  o  Kj)  o  w1-2  o  •••  (Kq1-2  a  K®-2). 

(4) :  (3)  and  property  of  o  distributing  over  a  =»  K°  o  «0,1  o  K1  o  •  •  •  Km_2 

Cc  (K£<tK?)  ow0-1  o  (Ko  o  Kj1 )  ow,-2o  (Ko"1"2  a  K,m"2)  = 
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(Ko  o  a>01  (Vo|0  x  V/o)  o  Ko  o  u>1,2  (Voi0  x  Vfo)  o  •  •  •  K?-2)  a  (K° 
o/1  (Vg.j  X  V,1!)  o  K,1  ou;1-2  (Vg,!  X  V,2,)  o  •  •  ■  K?'2). 

(5) :  Theorem  5.14  shows  that  since  Km_1  is  a  permutation  network  any 

Cf"1  G  Cm_1  can  be  used  in  fixing  Km_1. 

(6) :  (4)  and  (5)  =>  K0,m-1  is  simply  partitionable. 

(7) :  Algorithm  constraint  (2)  =>■  the  components  of  Kq  and  K[  are  isomorphic 

=>  ss  Kf. 

(8) :  (6)  and  (7)  K0,m_I  is  simply  partitionable  isomorphic  network. 

B.  Show’  Pr_j  assuming  Pr  holds.  Pr_j:  K^'p”1  P(m_I)_(P_1)  1S  simply  partitionable 

isomorphic  with  blocks  K®£2.  P(BHlwrio  and  K®J;2.  P(nv_lWr)„  r=m,m-l,...2. 

(l):  Algorithm  constraint  (l)  =*  p(m_i)  k  has  two  components 

KPoPi  P(m-»)-(k+1)0  and  ^PoPi  P(n»-i>-(k+i)i  for  k— r-2,r-3,...0. 
r=m,m— 1,...2. 


(2):  For  k— r— 2,r— 3,...0  do  the  following  process.  If  K£oPi  p(IIV.I)_(v+,)0  and 

K.£oPi  Pim-n-OM)1  satisfy  Algorithm  constraint  (3)  then  combine  them 
using  a  to  form  KPoPl  P([r^i)  k.  Continue  repeatedly  this  process  until 


KPoP,  P(m-l)-(r-i)  is  f°rmed- 


(3):  (2)  and  Algorithm  constraint  (1)  =>  KpoPi  o 

^  (^O.PoPl  P(m-l)-(r-l)  X  ^I.PoPt  P(m- l)-(r-i)^  °  ^PoPi  P(m-i)-(r-l)  ° 

^PoP^  P(m— 1>— (r—  1)  — C  (^PoPl  p(m-i)-(r)0  °  ^PoPl  p(m-i)-(,)l)  ° 

U'0,1  ^O,p0Pi  P(m-l)-(r-l)  X  VI.PoP,  P(m-l)-(r-i))  ° 

(^PoPj  °  ^PoPi  P(m-j>-(r)l)  ° 

(^PflP^  P(m-i)-(fp  °  ^Pop!  P(m-l)-(r)l)  “  ^PoPi  P(m-D-(rJ°  ° 


*01  (vs 


'.PoPl  P(m-])-(r|®  y  VI,PoPl  P(m- D-(r)p)  °  ^PoPi  P(m- D-(rP 


m 


^PoPl  P(m-lMr)°)  °  (KPoP.  P(m-1)-(,)1  ° 

,.0,1  C\rO  vrl  \  _  t/-l 

'  O.PoPi  ‘  P(m-l>-(r)l  l.PoPi  P(nv-l)-(r)l '  PoPl  P(m-l)-(r)l 


^PoPi  P(m-l)-(r)l^‘ 


(3.1) :  P,  holds  =^K?D  d  o 

v  >  *  PoPl  P(m-i)-r 

U;0’1  ^O,pop,  P(m-i)-r  X  Vl!poP,  p(m_i)_r)  °  ^PoPl  P(m-l)-r  ° 

^PoP*  P(m-l>-r  — C  (^PoPi  Plm-JMr+O0  °  ^PoPl  Pfro-lHr+D1  ^  ° 

Ct»01  (VA  X  Vi1  1  o  •  *  * 

1  O.PoP,  P(m-lWr  X  I.PoPl  ’  P(m-l)-r'  ° 

(K&  P(m-I)-(r+lP  KpoP,  P(m— 1>— (r-n)l  )* 

(3.2) :  (3.1)=*  KpoPi  p(nKI).r  ou)‘  (^O.poPj  p(m-i>-r  x  "^I.PoPi  Pon-o- 

oK' .  _ o  •••  k rn2 _  cc 


PoPl  P(m-i)-r 


WPoPi  P(m-iv-r  — 


/T^O  0  \ 

V1VPoPi  P(n>-iHr+iP  °  ^PoPi  P(m-l)-(r+l)l  ’  ° 

W  (VO,p0Pi  P(m-iy-(r+il  X  Vl!poPl  P(m-iK(r+l)^  ° 

(^PoPl  P(m-l)-(r+i)0  ®  ^PoPl  P(m-l>-(r+l)l 

(3.3):  Substituting  (3)  into  (3.2)  =>  K°oP)  p^,^,,  o 

^.0, 1  /"\r0  -irl  \  0  i^l 

'  O.PoPi  P(m-iMr-l)  I, PoPl  P(m-i)-(r-ir  PoPl  P(m-i)-(r-i 


Kt-2 

PoPl  P(m-l)-(r-l) 


A  X 

— C  .jfoQ^oP,  P(m-l)-(r-»i))  ° 


(^O.PoP,  P(m-l>-(r+l)i]  X  VI,PoPi  P(m-l)-(r+l)>))  ° 

11  1  n  r  2 

jj:f0c/KPoP.  P<m-lMr+l)'])  °  jjfoo^PoPl  P(m-lHr-H)ij)* 

(3.4):  (3.3)  and  property  of  o  distributing  over  a  =>  KpcPi  P(IT>_1)_(r_1) 


Kr-2 

PoPl  P(m — 1>— (r—  1) 


X  V1 
i)  *  vPoPi 

P(m-D-(r-l)^  ° 

K, 

U 

P(m-l)-(r+l)'i^ 

o 

1 1 

.. W°  1  (^O.pop,  P(m- 1>— (r-n)IJ  X  ^IPoPl  P(m-l)-(r+l)lj) 
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•7 v  \  \  v  vs  *.  s  ■- 


11  1  11  2 
ijToO^P^l  P(m-i)-(r+l)ij)  °  ij^oo^PoPi  Pim-lMr+U^ 


yfoo  ^PoP'  P(m— l) — (r-*-l)*j  °  a’0'1  ^O.PoP,  Pfrr-lMr+l)']  X  ^-PoPl  P(m--l>-(r+l)'))  ° 
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(5):  The  rest  is  similar  to  the  proof  of  Pm_j  steps  (5)-(8). 


In  this  section  the  multistage  networks  were  discussed.  The  multistage  network  model 
was  developed  and  then  two  types  of  multistage  partitionable  networks  were  defined. 
Two  methods  were  developed  each  synthesizing  a  class  of  multistage  partitionable 
netw'ork. 


VI  Conclusions 


Two  methods  are  used  to  speed  up  the  execution  of  computational  task.  One  is 
new  technology  insertion  and  the  other  is  the  exploitation  of  parallelism  in  the 
computation.  To  take  an  advantage  of  the  parallelism  in  a  task  requires  the  utilization 
of  parallel  computer  architectures.  At  a  certain  high  level  of  abstraction  a 
reconfigurable  parallel  computer  system  is  represented  as  a  graph  structure  where  the 
node  represent  processors,  memories,  or  other  devices  and  the  labeled  edges  represent 
the  communication  states  of  the  network. 

In  this  research  a  topological  property  of  interconnection  networks  partitionability 
was  studied.  The  uses  and  advantages  of  partitionable  networks  are  presented  in  a 
number  of  publications  and  summarized  in  the  introduction.  In  particular  a  general 
graph/algebraic  model  of  multistage  network  was  developed.  Two  types  of 
partitionable  multistage  networks  were  formally  defined.  Two  methods  were  developed. 
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one  for  the  synthesis  of  simply  partitionable  networks  and  another  for  the  synthesis  of 
recursively  partitionable  multistage  networks.  The  algorithms  are  presented  for  the 
case  where  the  number  of  block  networks  is  a  power  of  two,  however  they  can  easily  be 
generalized  to  the  power  of  any  integer. 
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Figure  2: 

An  example  of  an  arbitrary  multistage  network. 


